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The scattering of linear molecules by a potential wall is studied. It is assumed that the inter-
action potential between the molecule and the wall depends on the distance of the center of mass 
of the molecule from the wall and on the orientation of the molecular axis. From the wave function 
of the reflected molecule an expression for the transition probability for scattering into the various 
final molecular states is obtained. Together with a modification of Maxwell's assumption for the 
interaction of atoms with solid surfaces, this transition probability is used to derive a boundary 
condition for the distribution function of a gas of linear rotating molecules. This also takes into 
account the change of rotational angular momentum in the collision with the wall. 

Introduction 

The kinetic theory of non-equilibrium phenomena 
in dilute molecular gases is based on the Waldmann-
Snider equation 2. For rarefied gases where col-
lisions of the molecules with the walls are of im-
portance this kinetic equation has to be supple-
mented by a boundary condition for the distribution 
function. In this paper such a boundary condition 
for linear molecules is presented. Special emphasis 
is laid on the phenomena associated with the change 
of internal rotational angular momentum of the 
molecule in the collision with the wall. This point is 
relevant for the Knudsen corrections to the Senft-
leben-Beenakker effect 3 which have been calculated 
by Vestner 4, and for the thermomagnetic pressure 
difference4 '5. The latter effect, predicted by Wald-
mann 5, has been measured by Hulsman et al. 6 in 
Leiden. The influence of the wall collisions on the 
molecular rotational angular momentum also plays 
an important role for the explanation of the "Scott-
effect" 7 by Waldmann 5. In the theoretical treatment 
of these effects phenomenological boundary condi-
tions for a set of moments of the distribution func-
tion have been used 4 ' 5. They are derived from ir-
reversible thermodynamics by a method invented by 
Waldmann8. On the other hand, the coefficients 
occurring in these phenomenological boundary con-
ditions can also be calculated from a boundary con-
dition for the distribution function. This particular 
point will be treated in a subsequent paper, whereas 
this paper is concerned with the derivation of the 
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boundary condition for the distribution function 
itself. 

A boundary condition for the distribution func-
tion of a monatomic gas had already been given by 
Maxwell 9. He assumed that one part of the mole-
cules which hit the wall is specularly reflected and 
the other part is re-emitted thermally. Because of its 
simplicity, Maxwell's boundary condition is often 
used in kinetic theory of rarefied gases. For refer-
ences confer the book of Cercignani10 or the article 
of G r a d n . In Maxwell's boundary condition the 
energy exchange between gas and solid is described 
by a single accommodation coefficient. An extension 
of Maxwell's boundary condition which includes 
more than one accommodation coefficient has been 
given by Cercignani and Lampis12. A rigorous 
microscopic derivation of a boundary condition re-
quires the knowledge of the molecule-wall inter-
action as well as the solution of the corresponding 
many-body scattering problem. A formal boundary 
condition for the distribution function of a mon-
atomic gas has been derived by Kuscer 13. It con-
tains the interaction of the gas atom with the wall 
through a many-body scattering operator which also 
includes the degrees of freedom of the wall. Such a 
boundary condition is, however, only useful for ap-
plications if the corresponding scattering problem 
can be solved at least in some approach. This is a 
practically hopeless attempt, the more so as one is 
not only interested in the change of velocity of the 
molecule but also in the influence of the collision 
on the rotational angular momentum. The scattering 
of atoms by solid surfaces is, however, until now 
not well understood, neither experimentally nor 
theoretically. For a discussion of this topic (gas-sur-
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face interaction) confer e. g. a paper of Goodman 14, 
where also further references can be found. It is 
clear that the basis of any complete theory of atom-
surface scattering must be a quantum theory of 
inelastic scattering. Since such a theory is not yet 
fully developed the molecule-wall interaction must 
be treated with some model. 

In this paper a generalization of Maxwell's as-
sumption is used to derive a boundary condition 
for the distribution function of a gas of linear mole-
cules. It will be assumed that a fraction a of the 
incident molecules is thermalized and is re-emitted 
in an isotropic Maxwell distribution with the tem-
perature of the solid. The molecules of the remaining 
fraction (1 — a) are scattered in such a way as if 
the solid could be represented by an infinitely high 
potential wall. Therefore the quantum theory for the 
scattering of a rotating molecule by a potential wall 
is studied in some detail. For numerical calculations 
of boundary coefficients, which will be described in 
a subsequent paper, further approximations have to 
be made, whereas a formal boundary condition for 
the distribution function is derived without such 
restrictions. In the applications the molecule-wall 
interaction potential is split into a part which depends 
on the distance of the center of mass of the molecule 
from the potential wall ("spherical" part) and a 
part which depends on the orientation of the mole-
cular axis as well ("nonspherical" part). In con-
nection with molecule-molecule scattering a dis-
torted wave Born approximation (DWBA) has been 
performed by Köhler, Hess, and Waldmann1 5 to 
investigate the angular momentum dependence of 
the scattering amplitude. This can be done if the 
nonspherical part of the intermolecular potential is 
small compared with the spherical one. A similar 
approximation is made here for the molecule-wall 
collisions. 

This paper proceeds as follows: First the scat-
tering of linear molecules by a potential wall is in-
vestigated. From the asymptotic form of the wave 
function of the reflected molecules a "transition 
matrix" is obtained which contains, in particular, 
the transition probabilities for scattering into the 
various final free-molecular states. For the special 
case where the density operator of the molecules 
incident on the wall is diagonal with respect to the 
magnetic quantum numbers, the appropriate bound-
ary condition follows immediately. It can be gener-
alized without difficulties to the case of an arbitrary 

initial density matrix. The boundary condition ob-
tained is in accordance with two general require-
ments: conservation of the number of particles at 
the wall (i. e. equality of incident and reflected flux 
of molecules) and preservation of thermal equilib-
rium between gas and wall if the incoming particles 
are already in equilibrium with the wall. It will be 
shown that these two requirements follow from the 
unitarity of the S-matrix which describes the scat-
tering of the molecules by the potential wall. The 
kernel of the boundary condition obtained is cal-
culated explicitly for a simple interaction potential 
in a distorted wave Born approximation. It should 
be remarked that the boundary condition for the 
distribution function can also be used to describe the 
scattering of a molecular beam by a solid surface. 

§1. Scattering of Linear Molecules 
by a Potential Wall 

a) Wave Function of the Scattered Molecules 

The axis of the linear molecule will be charac-
terized by the unit vector M. The direction of the 
normal tl of the potential wall is chosen as x-axis. 
It will be assumed that the interaction potential be-
tween the molecule and the potential wall depends 
not only on the x-coordinate of the molecular center 
of mass but also on the orientation of the axis tl 
relative to the normal It. The projection of the mo-
mentum of the molecule parallel to the wall will be 
conserved in the scattering process. The molecular 
internal angular momentum is denoted by J (in 
units of h ) , the moment of inertia of the linear 
molecule is 0, and the molecular mass is /u. The 
operator for the rotational energy 

Hmt=h2J2/2(9 (1.1) 

has eigenvalues 

E(j) = h2 j(/ + 1 ) / 2 <9 ( 1 . 2 ) 

in states j m ) with rotational quantum numbers / 
and magnetic quantum numbers m. The total mole-
cular energy is denoted by E, the kinetic energy by 
K = p 2 /2 ju, where p is the momentum of the mole-
cule. The motion parallel to the potential wall can 
be separated from the total wave function. Only the 
wave function describing the motion perpendicular 
to the wall and the internal motion must be deter-
mined. It is a solution of Schrödinger's equation 

{E'-H»)\xp)=V\W), (1.3) 
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with 
H0 = HmU + pn2/2 ,11, 
E' = E-h2k\\2/2 u. (1.4) 

The interaction potential is denoted by V, pn = p-fl 
is the projection of p along the normal to the wall, 
k[j is the component of the wave vector k =(l/h)p 
parallel to the wall. The potential V tends to zero 
as x + oc and to + oc as - oc . The solu-
tion of Eq. (1.3) therefore has to satisfy the follow-
ing boundary condition: For . r — o c it must be 
expressible as a sum of two plane waves, one for 
the incident molecule and the other for the reflected 
molecule. For x—> — oo the wave function must 
vanish. It will be shown that the solution of Eq. 
(1.3) which satisfies these boundary conditions ful-
fills the integral equation (Lippmann-Schwinger-
equation) 

(+) 

Hq , defined by 

H0 k j m) = 
h2 k2 

2 a 
+ E(j) kjm; (1.13) 

describe the free motion of the molecule. They are 
normalized according to 

k j m\k' j' m) = 2 x b {k - k') d»' dmm' (1.13 a) 
+ oc f 2f ^ j in J 

dk\k j m) [k j m\ = \ , (1.13 b) 

where " 1 " is the unit operator in molecular configu-
ration space. It is convenient to use the projection 
operator on the /-subspace, defined by 16 

P>=Vjm){jm\. (1.14) 

)=|#(->) + (E' — H0 + i t ] ) V 1 . (1.5) 

As is well known, the positiv quantity i] gives the 
desired boundary condition + The wave 
function of the incident molecule is denoted by 

It satisfies 

( F ' - t f 0 ) ! <£ ( - ) )= 0 . (1.6) 

Its coordinate representation 

(x\<P^)=eik'x\ j'm) (1.7) 

is defined in the whole space. The internal rotational 
state of the incident molecule is j'm). The x-com-
ponent of the wave vector of the incident molecule 
is k' (k' < 0) . Hence 

k'=(fx/h)c'-n=^(iLi/h)cn', (1.8) 

Avhere C is the velocity of the incident molecule. In 
scattering theory a T operator is defined by 

F| <£(-)) = F | v ( + ) ) , (1.9) 

which obeys the equation 

T = V+V(E'-H0 + ir])-lT. (1.10) 

In order to determine the wave function for 
oc, the coordinate representation of the state 

vector ! tp(+^) is used. It will be written as 

V/+> (x, U) = (x U) ! v ( + ) ) = 2 Yjm (M) vW (x) , 
i"1 (1.11) 

where the spherical harmonics 

Yjm(u) = (u\jm) (1.12) 
are the wave functions for the internal rotational 
states of the linear molecule. The eigenfunctions of 

It has the following properties: 
pi J2 = J- pj = (y + 1) pi 

pi pi = dii' pi, 2^ = 1. (1.15) 

The coordinate representation of Eq. (1.5) gives 
the desired wave function y.'(j2\x). Using Eqs. (1.7) , 

(1.9,) (1.11) - (1.13) one obtains 
t/.; + > (x)=eik'*öH-ömm-

h l 
dy. e' T (x, k ) mm' 

E' -
h2x2 

2 u 
+ E(j) 

(1.16) 
+1 rj 

The quantity T(x,k)mm' in Eq. (1.16) is a matrix 
element of the F-operator between free particle 
states 

T{x,k')%m> — {x j m\T \ k' j'm) . (1.17) 

The first term on the right of Eq. (1.16) is the pro-
jection of the state vector of the incident molecule 
[given by Eq. (1 .7 ) ] on the internal state ; m ) , 
the second term represents the "scattered" mole-
cules. It will be shown that for + oc this term 
describes the molecules reflected from the potential 
wall. As x—> + oc it reduces to a plane wave propo-
gating away from the potential wall. The amplitude 
of this plane wave turns out to be proportional to a 
F-matrix element on the energy shell. As - oo 
it will be exactly the negative of the first term, so 
that ip(jtn{x)-> 0 as x—>— oo for all j and m. 

Now the behaviour of ipfflior oc will be 
investigated. As oc, one can close the con-
tour of integration by a large semicircle in the up-
per half of the complex ^-plane, since the contribu-
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tion of this semicircle tends to zero as a ; — + oo. 
The poles of the integrand are given by the poles of 
the ^-matrix in the upper half plane and by that 
zero of the denominator which lies above the real 
•i-axis. The contributions of the poles of the T-ma-
trix tend to zero as x — + oc. The zero of the 
denominator which lies above the real *-axis is 
given by + { (2 ju/h2) [E'-E(j)+ irj] }1/2. Using 
Cauchy's integral formula, one obtains 

+ c 

h i E' 

dx e'** 
Wx 
2 u 

i u 

T (x, k ) mm' 

+ E(j) + irj 

e'kjX T(kj, k')H'im', 
\ k2 kj 

where the quantity kj is given by 

kj % (E'-E(j)) 

(1.18) 

1-19) 

expressing the conservation of energy in the scat-
tering : 

h 2 k 2 h 2 h'2 
+E(j) = - +E(j')=E'. (1.20) 

2 /< 2 u 

With the abbreviation 
R{kj,k')lnm' = - ( - ^ 7 ) T{khk')%m,, (1.21) 

the asymptotic form of the wave function can also 
be written as 

(*) = eik x dmm' -f eik}X R{kj, k')jJnn' . (1.22) 
Z-* + CO 

The second term on the right of Eq. (1.22) repre-
sents the asymptotic form of the wave function of 
the reflected molecule. Its amplitude is proportional 
to a F-matrix element on the energy shell since the 
reflected molecule has the same energy as the in-
cident molecule. A reflection is not possible into all 
rotational states j, but only into those states, for 
which kj, defined by Eq. (1.19), is real. The quan-
tity R{kj, k ) mm' determines the transition proba-
bilities for scattering into the various final free 
molecular states. It appears, as will be shown later, 
in the boundary condition for the distribution func-
tion. The "transition matrix" R(kj, k')J/nm' fulfills 
two conditions which follow from the unitarity of 
the S matrix, as will be shown in the next section. It 
remains to investigate the wave function 
for x—> — oc . In this case one can close the contour 

of integration by a large semicircle in the lower 
half of the complex x-plane. That zero of the de-
nominator in Eq. (1.16) which lies below the real 
*-axis is given by 

[E' -E(j) +ii]] 

As x—>• — 00 the only contribution to the integral 
stems from this zero. Using Cauchy's integral for-
mula, one obtains 

O 0 n~ x „ 
2, + £ ( ' \ + 11] 

1 /LI 

h2 kj 
e-ikjx T ( — kj, k') mm (1.23) 

As can be seen from Eqs. (1.16), (1.23), the re-
quirement ip\m\x) = 0 for x - > — co is equivalent to 

T(-kj,k')iL' =i W . (1.24) 

This equivalence can also be established from 
Schrödinger's equation Eq. (1.3), and from the defi-
nition of the F-matrix Eq. (1.9), which are com-
bined to give 

71 !<£(-)) = ( £ ' - # „ ) | v ( + ) > . (1.25) 

By using Eqs. (1.7) , (1.13), the F-matrix element 
of interest can be expressed as 

2 ß , 
h2 

k• ">] 1 ) mm 
+ OC 

f JkiX kj2 W{m (x) + 
d V m * (*) 

dx2 
dx. (1.26) 

By partial integration this can be written as 

2 T(—kj,k ) JJlm' (1.27) 

,ik,x\ 
dx ^ ( Ä » ) 

From Eq. (1.27) follows Eq. (1.24) by using the 
requirement ip\m\x) = 0 for x — 0 0 , and Eq. 
(1.22) for the wave function for x — + oc. Thus it 
is shown that Eq. (1.5) is equivalent to Schrödin-
ger's equation, but contains the desired boundary 
condition via the small positive quantity y. This is 
well known for scattering in three dimensions. 
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b) Two Properties of the Transition Matrix which 
Follow from the Unitarity of the S Matrix 

The unitarity formulae for the S matrix are dif-
ferent from those which are familiar from the three-
dimensional case. This results from the fact that the 
states of the molecule incident on the potential wall 
are all different from the states of the reflected 
molecule (an incident molecule always has £ ' < 0 , 
while for a reflected molecule & > 0 ) . The states 
representing the reflected molecule do not form a 
complete set, so that the relation 5 Sf = 1 is not 
valid here) in three-dimensional scattering this rela-
tion follows from the completeness of the set of free-
particle states). To derive the unitarity equations one 
can proceed in the following wray. The S matrix 
w ill be defined by 

S=l—2nid(E' — H0) T (1.28) 

as in the three-dimensional case. The state 
is investigated, where represents the incident 
molecule and is defined by Equations (1.6), (1.7). 
It is convenient to express the (5-function in Eq. 
(1.28) by the eigenstates of H0, which are defined 
by Eq. (1.13). The relation thus obtained 

d(E'-H0) 

+ c 

i f jm J 
dx 
2 71 

fc2*2 

2 a 
+ E(j)-E' 

•\xjm)(xjm\ (1.29) 

is used to calculate the state S <P( ^). By using Eqs. 
(1.21), (1.24) the relation 

S | $ < - > ) = T \kj j m) R (kj, k') mm' ? (1-30) 
jm 

( 

is derived, since the integration over the (3-function 
can be performed. The prime in Eq. (1.30) and in 
the following equations indicates that only such ro-
tational quantum numbers j occur for which kj, 
defined by Eq. (1.19), is real. One infers from a 
comparison of Eq. (1.30) with Eq. (1.22) that the 
5 matrix transforms the incident state into 
the reflected state S ) . The incident states 

are a complete set on the half space char-
acterized by the projection operator 

whereas the reflected states 5 (P' >) form a com-
plete set on the half space with projection operator 

P'+) 

oc 

- i f ]>" J 
d k 
2 71 

k j m) (kj m. (1-32) 

The projection operators P(-+) and P • have the 
following properties: 
p ( + ) p ( - ) =/>(-)/>(+) = o , (1.33) 
p(+) />(+) = p(+)? p(-) p(-) = p{~) ? p(+) + p(-) = j _ 

Since is contained in the half space P(~) 
and 5 lies in the half space P(+\ one can 
rewrite Eq. (1.30) as 

+ | k' j'm) = 2 ' | kj j m) R(kj,k')%m>, (1.34) 

where S' 

] m 
J is defined as 

S(+-)=p(- SP(~K (1.35) 

0 

' i f jm J 

dk 
2 71 

k j m) (k j m , (1.31) 

The states ) )) are complete on the half 
space characterized by so that the relation 

S ( + - ) 5 ( + - ) t = j p ( + ) ( L 3 6 ) 

must be valid. This is the desired equation replacing 
5 5 f = 1. It leads to an important relation for the 
transition matrix which will now be derived. The 
matrix elements of the operator are given 
according to Eqs. (1.13 a), (1.34) by 

(kjm\S(+-^\k'j'm) = 2 7id(k-kj) R(kj,k')tL' 
(1.37) 

A matrix element of Eq. (1.36) is considered be-
tween free molecular states with the same j. By 
using Eq. (1.37) one obtains the following relation 

im"= 2 fdk'd(k-kj)2[R(k,k,)H^]* R(k, k')%»m> 
j' - oo m' 

(1.38) 

with a fixed wave number A:>0. In performing the 
integration over the ^-function, the formula 

d[<P(k')]= 2d(k'-k{)l\^(ki')\ (1.39) 
i 

is used. The quantities k{ are the roots of the equa-
tion <F*(k')=0, and (k{) denotes the derivative 
of (P at the point k' = k '. The sum is taken over all 
the roots. To the integral in Eq. (1.38) only the 
root <P(k') =k — kj(k') with the negative sign con-
tributes. This root is given by 

v = - (2 fxjh2) (E(j)-E(f))V>. (1.40) 
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For a final state with fixed k and j it gives the wave 
number for the incident molecule in rotational state 
/ with the same total energy. Performing the inte-
gration one obtains the relation 

2' r ,, {R{k,k/)ir ff(k,k/)»'}mm.=dnim', 
r L - k r J 

(1.41) 

where a transition operator (an operator with re-
spect to the magnetic quantum numbers) has been 
defined by 

R{k,k')»-= lR(k,k')iL>\jm)(j'm'\ 
HI III' 

Rf(k, k')jni'm = [R(k, k')ii',m'] * . (1.42) 

The sum in Eq. (1.41) is taken over those quantum 
numbers j' which give a real k y . Equation (1.41) 
is the first desired relation for the transition matrix. 
The second follows from the requirement that the 
total flux of the reflected molecules must be equal 
to the incident flux. The wave function of the re-
flected molecules is given by the second term on the 
right of Equation (1.22). If the incident molecules 
are not in a rotational state j' rn') but in a state 

then Eq. (1.22) is changed into 

V<%] (x) ^e^dii'x^' + e'^ I R (kh X)jL> 
X —- + 'X: m' 

(1.43) 
where 

= ( / m *<-)**), (1-44) 

is the spin function of the incident molecules. The 
probability current density for the reflected mole-
cules is given by 

J(-+)=h I y^' ,U m'm" 
• ( 2 ' kj R* (kj, kyiR (kj, k')»'}m'm" , (1.45) 

7 

Avhere the summation is over all possible rotational 
quantum numbers j into which a scattering can 
occur i. e. for which kj is real. The current density 
of the incident molecules is 

/ ( -> = { ~ h k ' ] I \x(m')}'\2. (1.46) fi m-

Equating Eq. (1.45) and Eq. (1.46), the relation 

2 ' ( kik>) {RHkj, k')n R(kj, k'yr)Mm. = smm. 

(1.47) 

is obtained. Because the transition matrix occurs in 
the boundary condition for the distribution func-
tion, as will be shown later, Eq. (1.47) and Eq. 
(1.41) guarantee the two general requirements: 
conservation of particle number and preservation of 
thermal equilibrium between gas and surface. This 
particular point will be discussed later. It should be 
mentioned that Eq. (1.47) can also be derived from 

s(+-)ts(+-)=p(-) (1.48) 

in the same way as Eq. (1.41) was obtained from 
Eq. (1.36). Equations (1.36), (1.48) expresse the 
unitarity of the S matrix in scattering by an infi 
nitely high potential wall. 

§2. The Transition Matrix in DWBA 
Approximation 

The transition matrix, defined by Eq. (1.21), is 
related through the Lippmann-Schwinger-equation, 
Eq. (1.10), with the interaction potential between a 
molecule and the potential wall. It is assumed that 
this interaction potential can be split up into a part 
which depends only on the distance of the center of 
mass of the molecule from the potential wall (called 
"spherical" part, in analogy with the terminology 
used in Ref .1 5 ) , and a part which depends on the 
orientation of the molecular axis M relative to the 
normal Tl of the wall as well (called "nonspherical" 
part). For the interaction of a homonuclear diatomic 
molecule with a potential wall one has in good ap-
proximation 

V(x,u-n) =V0(x) +eVl(x)P2(u-n) , (2.1) 

where e is a small parameter (e ^ 1) characterizing 
the nonspherical interaction; P2(U-Tl) is a Legendre 
polynomial with argument U-W = cos# , being the 
angle between U and Tl. For small e the T matrix 
can be expanded in powers of e. The term linear in 
e is known as distorted wave Born approximation 
(DWBA). For the scattering between molecules 
this approximation has been used by Köhler, Hess, 
and Waldmann 15 to investigate the angular momen-
tum dependence of the scattering amplitude. In his 
Thesis, Köhler1 ' also performed numerical calcula-
tions in view of the Senftleben-Beenakker effect of 
viscosity and heat conduction. This chapter is an 
extension of the ideas developed in these papers to 
the scattering of molecules by a potential wall. 
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a) Formal Expression for the T matrix in DWBA 
Approximation 

The Lippmann-Schwinger-equation is written in 
the form 

T = V + VG(+S> V , (2.2) 
where 

G(+)= (E'-H + irj)-1 (2.3) 

is the Green's function for outgoing plane waves 
pertaining to the full Hamiltonian H = H0 + V. The 
interaction potential is written as 

V=V0 + eV1, (2.4) 

which, when inserted in Eq. (2.3) , results in an ex-
pansion of the operator of the form 

G<+> = G 0 ( + ) + ^ Vx C0 (+ ) + . . . , (2.5) 

where 

G 0 ( + ) = [ £ / - ( ^ 0 + F 0 ) + ^ ] - 1 (2.6) 

belongs to the "spherical" part V0 alone. An ex-
pansion of the T operator in powers of £ is given by 

T = T0 + eT1+... , (2.7) 
with 

T0 = V0(l+G0^V0) (2.8 a) 

T! =-(1 + V0 G^W, (1 + C 0 ( + ) VJ . (2.8 b) 

Using these equations one can write down the gen-
eral expressions for the T matrix elements or, with 
use of Eq. (1.21), the transition matrix in order e. 
Using the fact that the states / m) are eigenstates 
of H int. with eigenvalues E(j ) , expressed by 

Hint. \j'm ) —E(/) | / m) , ( 2 . 9 ) 

one obtains from Eq. (2.8) 
T0 [k, k') IL' = (k j m \ V0 (1 + G0<+> V0) | k' j'm ) 

= vrdmm'(k\VQ (2.10) 

,h2 k 2 p2 

1 + 1 2 ^ " V + 
Vn k') . 

The energy E' appearing in the preceding equations 
is given by Equation (1.4). The states de-
fined by 

1 + 
' h2 k'2 

, 2 u 
Pn 

2 u -V0±iri 

(2 .11) 

are called "distorted waves" and represent the solu-
tion of the scattering problem with the potential V0 

alone. In terms of these states the contribution to the 

T matrix from the first term on the right side of 
Eq. (2.7) is given by 

T(j(k, k'yiim' =6"'dwm'(k | F 0 | ^ > ) . (2.12) 

As can be seen from Eq. (2.12), the potential V0 

cannot induce changes of the rotational and mag-
netic quantum numbers. In the case of homonuclear 
diatomic molecules where the potential is written in 
the form of Eq. (2.1), the contribution to the T 
matrix linear in e is given by 

(* ,* ' )&. / ( i t h I x l ^ ) , (2.13) 
with 

PJL' =(jm\P2(U-n)\j'm] (2.14) 

An explicit expression for the operator P.2 in a spin 
representation is given in Reference 18. If the dis-
torted waves are known, the transition matrix in 
order £ can be calculated from Eqs. (2.12), (2.13) 
and Equation (1.21). For a simple interaction po-
tential an explicit solution of the Schrödinger equa-
tion for the distorted waves can be given and the 
transition matrix can be calculated in order e. This 
will be done in the following. 

b) Calculation of the Transition Matrix for a Simple 
Interaction Potential 

The size of a homonuclear diatomic molecule is 
determined by its electron cloud. It can be approxi-
mated by an ellipsoid of revolution, where the mole-
cular axis U is the symmetry axis of the ellipsoid. 
The scattering of a diatomic homonuclear molecule 
by a potential wall (the plane x = 0) is shown in 
Figure 1. It will be assumed that the interaction 

/ / / / / / / 

tangential plane 

x =0 

Fig. 1. Scattering of a diatomic homonuclear molecule at 
an infinite high potential wall. The quantity r(&) is the 
distance of the molecular center of mass C from the tangen-
tial plane. This plane coincides with the plane a: = 0 at the 

moment of contact. 

potential has the value V0 if the distance x of the 
center of mass C of the molecule from the potential 
wall is smaller than r( ft ) , and is zero if x is greater 
than r(ft) ; the meaning of r(0) is seen from Fig-
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ure 1. The potential V(x,0) can thus be written as 

V(x,d)=V»H[r(i))-x], (2.15) 

where H is the Heaviside step function. In the final 
result the limit F0 —> + oc is performed, so that the 
molecule is certainly reflected from the potential 
wall. If the ellipsoid deviates only slightly from a 
sphere, the distance r ( 0 ) is given by 

r ( # ) « s 6 ( l + l eg2 cos2 0) , (2.16) 

where f E is the numerical excentricity of the el-
lipsoid given by = (1 — 62 / «2 )1 J ; a and b are 
the semiaxes of the ellipsoid. If one inserts Eq. 
(2.16) into Eq. (2.15) and expands the step func-
tion in order Ey2, one obtains 

V(x,d) = V0H(a-x) + eV0ad(a-x) P,(cos#) , 
(2.17) 

which has the form of Eq. (2.1). The parameter e 
in Eq. (2.17) is given by e = h £g2. 

In order to calculate the T0 matrix one must solve 
Schrödinger's equation with the interaction potential 
V0 H (a — x). Figure 2 shows this potential together 

2 ,.2 KJ 
2M-

Vq H (a->c) 

ik'x 

(•> -ik'x A , . e 

x = 0 a x 

Fig. 2. Scattering by the potential V (x) =V0H (a — xj. 

with the incident and reflected plane waves. The 
energy h~ k 2 /2 ii of the incident wave can be taken 
smaller than F 0 , because in the final result the 
limit V0-+ + oo is performed. The amplitude of the 
reflected wave is denoted by A p T h e solution of 
Schrödinger's equation 

h2 k'2 , h2 d2 

2 // + 
2 ii clr2 -V0H(a-x) ZP* (x) 

is written in the form 
oik'x + e-ik x 

(k') {x — a) zP> = B t f ' e ' 

here 

y.(k') 
2 ju 
h2 Vo-

for x > a 
for x<Ca 

h2 k'2 

2 u 

0 

(2.18) 

(2.19) 

(2.20) 

is positive and real according to the assumption 
made above. The amplitudes A^J^ and B\cT) are 
determined from the boundary condition for the 
wave function at x = a and are given by 

x(k') — i k' 
Ait> 

x(k') 

lik' 

i k 
,2ik'a 

y.(k') +i k' 
Jk'a (2.2i; 

With Eq. (2.21) the solution of Eq. (2.18) is known 
and the T matrix can be calculated according to 
Equations (2.12), (2.13). One finds 

{ k \ V 0 H ( a - a ) = 2 ik' ei(-k'~k)a V j [x(k') - ik][y.(k') +ik'] , (2.22) 

which in the limit F 0 - > o c reduces to 

lim {k V0H(a-x) 7/p)}= — h~ e^k'-k)". (2.23) 
T'o^oo 11 

Using the relation Xk^ («) =Y-k] W * , (2.24) 

whicb can be derived from time-reversal-invariance, one obtains for the matrix element in Eq. (2.13) the 
following expression 

'aM(a-*)iZifc'+)> =4>akk' ei{-k'~VaVj[x{k) - i k][y.(k') + i k'] , (2.25) 
which in the limit reduces to 

lim \ aV(sd(a — x) \ = (2 a h2/ju) k k' . (2.26) 

Thus, for the simple potential described above, the T matrix has been calculated explicitly in order €. For 
the transition matrix, defined by Eq. (1.21), one obtains: 

R (kj, k')mm' = &mm-+e2iak' . (2.27) 
In Eq. (2.27) the wave numbers kj and k' are connected by energy conservation according to Equation 
(1.20). The first term on the right side of Eq. (2.27) represents the scattering by the spherical potential 
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alone. The second term stems from the spin-dependent part of the interaction. As can be seen from the 
spin-representation of the operator P., (cf. Ref .1 8 ) , this term has non-zero matrix elements only of Aj = 
j —j= ± 2 (inelastic collisions) or if Jy = 0 (elastic collisions). In an inelastic collision the component 
of the velocity of the molecule perpendicular to the potential wall is changed because of energy conserva-
tion. In the applications of the theory the transition matrix Eq. (2.27) will be used for the calculation of 
coefficients occurring in the boundary conditions for the mean tangential velocity and the tensor polariza-
tion. 

§3. Boundary Condition for the Distribution 
Function of a Gas of Linear Molecules 

In § 1 and § 2 of this paper the scattering of 
molecules by a potential wall has been discussed. 
The transition matrix, defined by Eq. (1.21), de-
termines the transition probabilities for scattering 
into free molecular states. In order to determine the 
boundary condition for the distribution function of 
a gas at a solid surface, one would have to know 
the transition probabilities for scattering by a real 
surface, where each of the surface atoms while oscil-
lating about its equilibrium position interacts with 
the incident molecule. Unfortunately, however, no 
generally satisfactory methods are available for 
treating the scattering of an atom or molecule by a 
system of bound particles (see e.g. Chapter 11 in 
Reference 1 9) . For the interaction potential between 
the molecule and the surface certain models have to 
be used. For a more detailed discussion of the inter-
action between atoms and molecules with solid sur-
faces confer e. g. a paper of Goodman 14, where also 
further references can be found. 

The model for the gas-surface-interaction used in 
this paper consists in a generalization of Maxwell's 
assumption about the reflection of gas atoms by a 
solid surface. It is assumed that a fraction (1 —a) 
of the molecules which hit the solid surface are scat-
tered so as if the solid would act as an infinite high 
potential wall, while the remaining fraction a of the 

incident molecules is thermalized by the surface and 
re-emitted in an isotropic Maxwell distribution with 
the temperature of the surface. The parameter a is 
the accommodation coefficient for the total energy. 
The boundary condition for the distribution func-
tion is first derived for a special case (§ 3a). The 
general case follows then in a unique way (§ 3b ) . 

a) A Special Case: The Incident Distribution 
Function is Diagonal in the Magnetic Quantum 

Numbers 

If the velocity of a molecule incident on the sur-
face is denoted by c ' , then c / = c ' - n < 0 , if Tl is 
the outer normal of the surface at the point con-
sidered. The distribution function of the incident 
molecules is defined in such away that /?_(c') m'm' d3c 
gives the number of molecules per unit volume with 
velocity c' in the range d3c' in a state with rota-
tional quantum number / and magnetic quantum 
number m . The number of molecules leaving the 
unit area of the surface per unit time with velocity 
C in d3c (cn = C - n > 0 ) in a rotational state j 
with magnetic quantum number m is given by 

mm d 3 c . If one denotes with K(C j m—>~ 
C j m) the transition probability for a transition 
from the incident free-particle state c ' / m ' ) into 
the final free-particle state C j m ) , then the bound-
ary condition for the distribution function is ex-
pressed by 

f+ ( C ) m m = I J d3c' K ( c ' / m C j m) f'L ( c ) , 
j' in' r„'<0 

(3.1) 

The integration and summation in Eq. (3.1) is extended over all incident molecules. If one takes into ac-
count the model described above for the interaction of the molecules with the surface, then the transition 
probability K(. . .) can be expressed in terms of the transition matrix of Eq. (1.22) and is given by 

K{C / m Cj m) = (1 - a) Ks{c'j'm C j m) + a / m C j m) , ( 3 . 2 ) 
with 

K< (C j'm -> C j m) = i R{c„, c^) {'„[ 

and 

^c* + EU)>- fcn'*-E(?) 

(C' / m C jm) = ( - Cn) exp | - ßw 2 c* + E(j) 

d(c\g-ctg.) , (3.3) 

[2 TI Q(Kß F\v//<)2] 1 • (3.4) 



1732 J. Halbritter • Boundary Condition for the Distribution Function of a Gas of Linear Molecules 

The wave numbers in the transition matrix have 
been replaced by the velocity according to Equation 
(1.8). The transition probability K is written as a 
sunt of two terms: the first one represents the scat-
tering by the potential wall (denoted by a subscript 
"S " ) and the second one gives the transition proba-
bility caused by the thermalization of the incident 
molecules by the surface (the subscript " M " denotes 
a Maxwell distribution of the re-emitted molecules). 
The two ^-functions in Eq. (3.3) indicate the con-
servation of the total energy of a molecule and of 
the momentum tangential to the potential wall in the 
scattering process. In Eq. (3.4) the quantity Q is 
the rotational partition function 

Q = I ( 2 / + 1) exp { — ß\\ E(j)} , (3.5) 
i 

where ß\\ = ( ^ b ^ w ) - 1 ; ^b is Boltzmann's constant 
and 7\y is the temperature of the surface. The tran-
sition probability K is normalized according to 

2 J d3c c„ K (& j'm C j m) = ( — c„') . (3.6) 
j iii r„ > 0 

The same equation is valid for the quantities K<, 
and Kyi alone. The factors c„, ( — c,,'), and Q in 
Eqs. (3.3), (3.4) are determined from Eq. (3.6) 
and from the requirement Equation (1.47). 

Equation (3.1) is a boundary condition for the 
diagonal elements of the distribution functions / + 
and /_ (diagonal with respect to the magnetic quan-
tum numbers), because the transition probability K 
can connect only occupation probabilities which are 
diagonal elements. By a generalization of Eq. (3.1) 

one obtains a boundary condition which also relates 
non-diagonal elements of both / + and / _ . The tran-
sition probability K is then replaced by a super-
operator X which contains now four magnetic quan-
tum numbers, one pair of them for the incident 
distribution matrix and the other pair for the out-
coming distribution matrix. Equation (3.1) fulfills 
the conservation of the particle number and the 
preservation of thermal equilibrium between gas 
and surface. This will be shown with the generalized 
boundary condition which naturally contains Eq. 
(3.1) as a special case. 

b) General Boundary Condition 

Equation (3.1) can be generalized in the follow-
ing way. The summation over the magnetic quantum 
numbers of the incident distribution function in 
Eq. (3.1) is of the form 

2\R{cn,cn')lL'\21j- ( c ' ) m V • (3.7) m' 

Because /_ is diagonal, this can also be written as 

2 {R(ciii ) vim" R+ (cn •> Cv ) m"'m } /— (C ) in"in'" ? 
vi" m'" 

(3.8) 

where the adjoint of the transition matrix is defined 
by 

R'icn^y^L = [ Ä ( C | , C ; ) L ] * • (3.9) 

From the structure of Eq. (3.8) it is seen that the 
generalization is achieved by the replacement of the 
transition probability K by a superoperator 

KJ'' (C, c')mm '.m"m'" given by the following expressions 

X"'(c, C) mm',m"„r = (l - a) Xi' (c, c') 
Xk (C, C ) mm'. m" in'" = R-i.Cn,Cn )mm" R. (cn,cn ) m'"m 

X 'I C,, <) 

mm . m in + a Xm (C, &) mm .vi m ? 

2 c* + E(j)- \2 c,;*-E{j' 

xg' ( c , c ) mm . m in 2 TT Q 

^(c'tfr.-ctP.) , 

"̂p, Tw , c , s , , 
Omni ('m"rn' 

The diagonal elements of the superoperator X are identical with the transition probabilities 

X"'(C, C ) mm<m'm' = K(c' j'm —> C / m) , 

as it should be. Thus one obtains the following boundary condition: 

f{ (c) 2 I J d V F ( c , c ' ) j' m" m'" r„'<0 
mm . m m fj- (C), 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 
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If the distribution matrix of the incoming molecules is known, Eq. (3.14) allows in principle the calcula-
tion of the distribution function of the outcoming molecules. Equation (3.14) can be written in operator 
form, if the action of the superoperator X on the incoming distribution matrix is defined by 

[X«'(c,c')/>- ( c ' )W = 2Kir{c,c')mm>.m»m~Ji: {c')m-„r • (3.15) III" III'" 

Equation (3.14) then becomes 

f{ ( c ) = I J d V [ X " ' ( c , c ' ) / > - ( C ) ] • (3.16) 
7" <"»' <0 

c.) Conservation of the Number of Patricles at the Surface. Thermal Equilibrium Between Gas and Surface 

The number of molecules incident on unit area of the surface per unit time must be equal to the number 
of molecules leaving the unit area of the surface in unit time. This is expressed by 

I J cnf{ (C)„im d3c = 2 J (-cH') fl ( c ' ) , „ v d 3 c . (3.17) jm r„> 0 j'm' c,,'< 0 

The boundary condition must satisfy this equation. By substituting Eq. (3.14) into Eq. (3.17) one ob-
tains for the left side of Eq. (3.17) 

I 2 J d V / f (c')m"„r 2 J d 3 c X " ' ( c , c')mm,m"m"' cn. (3.18) 

j' m" m'" r„'<0 jm r„ > 0 

It can be shown, however, that the superoperator has the property 

2 J d 3 c X " ' (C, c')mm,m"m"' CH = dm"mm"> ( - cn') , (3.19) jm c„ > 0 

so that Eq. (3.17) is satisfied identically. Equation (3.19) is a consequence of Equation (1.47). To see 
this, let us substitute Eqs. (3.10), (3.12) into Eq. (3.19) and perform the integrations over the ö-func-
tions of using also Eq. (3.6) : 

~7 77" 2 J d C X'7 (C, C ) mm. m" in'" Cn 
I - Cn ) jm c„ > 0 

= ( l - a ) r T \ r { V ( k h k ' ) n R(khk')*rym..m... +adm-nr. (3.20) 
7 I — Ä ) 

With Eq. (1.47) the desired Eq. (3.19) now follows immediately. It is not surprising that Eq. (1.47) 
guarantees the particle conservation, as that equation was derived from the conservation of the probability 
current density in the scattering at the potential wall. 

The boundary condition must preserve thermal equilibrium between the gas and the surface. This 
means that, if the incident distribution function is a Maxwell distribution corresponding to the tempera-
ture of the surface, the outgoing one must also be a Maxwellian with the same temperature. The incoming 
distribution is assumed to be of the form 

f- (C)m m ' ^ 6mm> e-Av[(,/2)c'=+£(7')] . (3.21) 

If one inserts Eq. (3.21) into the right side of Eq. (3.14) one obtains 

Ä ( C ) w oc e-M<"®*+B<m { (1 - a) 2 J d8c Kg' (c , c) m,n ,m" m' + « ' W } , (3.22) 
j'm" cn' < 0 

since the superoperator Xg contains a 6-function which expresses the conservation of the total energy of 
a molecule in the scattering process. It will instantly be shown that the superoperator fulfills the con-
dition 

2 J d V X f (C, c')mm\m"m" =dmm>. (3.23) 
j'III" C „ ' < 0 

The distribution function of the outcoming molecules is then proportional to dmm' «*+£(/)] ? j e 

it is proportional to a Maxwell function with the temperature of the surface, as required. The proof of 
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Eq. (3.23) is quite analogous to the corresponding proof of Equation (3 .19) . One inserts Eq. (3.11) into 
Eq. (3.23) and performs the integrations over the d-functions. The result is: 

2 J d 3 c ' X f ' (C,c')mm\m"m"= 2 ' , . {R(k, k'}yr W(k, tif)ri}mm> . (3.24) 
j'm" c„' < 0 j' \ — Kj') 

Using Eq. (1 .41) , the desired Eq. (3.23) follows imediately. 
With Eq. (3.14) a consistent boundary condition for the distribution matrix of a gas of linear mole-

cules has been obtained. It is less general than the boundary condition of Kuscer 13, which includes in 
principle the full complexity of the many body problem, but is only for monatomic gases. Equation (3.14) 
with Eqs. (3.10) — (3.12) is useful for establishing boundary conditions for the average gas velocity and 
the tensor polarization. This will be shown in a subsequent paper. It can also be used to study the scatter-
ing of a molecular beam by a solid surface. 

d) Reciprocity Relation 

The phases of the free-particle states are chosen here in such a way that the relation 

kjm) = ( — )'" \ — k j — m) (3.25) 

holds, where d is the operator of time-reversal (confer Reference1 9). Time-reversal invariance is expressed 
by the equation 

T(k, k')1L> = ( -)»'-» T( - k\ - ky'Jm,_m (3.26) 

for the matrix elements of the T operator. According to Eq. (1 .21) , the relation 

M to. = { - ) m ' - " l ( - k ' ) R{-k',-ki)LL>-m (3.27) 
for the transition matrix follows from Equation (3 .26) . If one multiplies Eq. (3.27) with its complex 
conjugate, one gets 

(3.28) 

which relates the transition probabilities for the direct transition and the time-reversed one. Equation 
(3.27) leads to an equation for the transition probability P or the superoperator X , which is known as 
"reciprocity relation According to Eq. (3.27) the following relation is obtained for the superoperator 

( - c / ) X f (C, C')mm>,M»m»> = ( _ ) » - » ' + « " ' - » " c „ X'gJ ( - c\ - C) (3-29) 

Taking into account Eq. (3.10) and Eq. (3 .12) , one gets the relation 
( - c ')e-Mb<ß)c"+EW)]Xjr (c c') V *-» / c J\. J mm .M M 

= ( _ ) m - m . + m . . . - m . . C n e - M i „ p w + E m X n ( - c ' , - c ) (3.30) 

for the superoperator X . For the special case m— m', m" = m"' Eq. (3.30) reduces to an equation for the 
transition probability K of the form 
(_c?/)e-/?w [(W2)c '*+E(,-')l K{c' j'm C j m) = (c„) ( - C j-m^ - c' / - m) . (3.31) 

kj 
k') R (kj, k') ii' , 

mm 
(-k') 

ki 
R 7/ L.\ i'i , n 5 n] ) —111' — I 

From Eq. (3.29) one recovers Eq. (3.23) by inte-
gration and summation and using Equation (3 .19) . 
But the strong reciprocity relation is not necessary 
for preservation of thermal equilibrium between gas 
and wall, already the integral relation Eq. (3 .23) , 
which follows from unitarity of the S matrix, is suf-
ficient. The same must be true in the general case, 

when the matrix elements of the scattering operator 
T also contain the internal states of the surface. 
This is in contrast to Kuscer 13, who used a reci-
procity relation similar to the above one for the 
proof of thermal equilibrium. Finally it should be 
noted that a reciprocity relation for the interaction 
of an atomic beam with a solid surface had been 
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verif ied experimentally by Miller and Subbarao 2 0 . 
M o r e detailed in format ion can be f o u n d in a paper 
by W e n a a s 21 and in the b o o k by Cerc ignani 10 . 

Th e boundary condi t ion f o r the distribution func-
tion of a gas of linear molecules der ived in this 
paper will be used in a f o l l owing one f o r the calcu-
lation of boundary condit ions f o r the average gas 
veloc ity and tensor polarization. The knowledge of 
the transition matrix even f o r a very s imple inter-
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act ion potential ( § 2 b ) al lows a calculation of co -
eff ic ients appear ing in these boundary condit ions 
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